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In this paper, we consider the discrete power function
associated with the sixth Painlevé equation. This
function is a special solution of the so-called cross-
ratio equation with a similarity constraint. We show
in this paper that this system is embedded in a
cubic lattice with W(SA(ll)) symmetry. By constructing
the action of W(3A(11)) as a subgroup of W(Dil)),
ie. the symmetry group of Py;, we show how
to relate W(Dfll)) to the symmetry group of the

lattice. Moreover, by using translations in W(3A§l)),
we explain the odd-even structure appearing in
previously known explicit formulae in terms of the ¢
function.

1. Introduction

The cross-ratio equation is a key discrete integrable
equation, which connects discrete integrable systems
and discrete differential geometry. One of its powerful
roles is to provide a discrete analogue of the Cauchy-
Riemann relation, thereby leading to a discrete theory of
complex analytic functions. In this paper, we focus on the
following system of partial difference equations:

(Zn,m - Zi1+1,m)(zn+1,m+1 - Zn,m+1) _ 1 (1.1)
(Zn+1,m - Zn+1,m+1)(zn,m+1 —Zym) X
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and

(Zn+1,m - Zn,m)(zn,m - anl,m)

(a0 + a2 + ag)zym = (n — az)
Zn+l,m — Zn—1,m

Z — Z V4 —Z —
+ (m —a—ay— u4)( n,m+1 n,m)( n,m n,m 1), (1.2)

Zn,m+1 — Zn,m—1

where (1, m) € 72 are independent variables, z is a dependent variable and x, a;, i=0,1,2,4, are
parameters. Equation (1.1) is a special case of the cross-ratio equation and equation (1.2) is its
similarity constraint [1]. The purpose of this paper is to provide a full geometric description of
the system of equations (1.1) and (1.2) and its expression in terms of t-variables.

Nijhoff et al. [1] showed that equations (1.1) and (1.2) can be regarded as a part of the
Béacklund transformations of the Painlevé VI equation (Pyy). In this context, x is identified as
the independent variable of Pyy, and a;, i=0,...,4 (a3 does not appear in the equations) are
parameters corresponding to the simple roots of the affine root system of type Dfll) that relates
to the symmetry group of Py [2-5]. However, the complete characterization of equations (1.1)
and (1.2) in relation to the Backlund transformations of Py remains unclear.

The solution of equations (1.1) and (1.2) for (1, m) € Zi with the initial condition

20,0 = 0, 210 = 1 and 201 = emi, (1.3)

where i=+/—1 and r=ag +ay + a4, gives rise to a discrete power function [6-8] when the
parameters take special values:

x=-=1, a=0, ay+ay+as=0. (1.4)

(There is more than one definition of what constitutes a discrete power function. See Boole [9] for
classical definitions.) Note that each of the ratios on the right-hand side of (1.2) is proportional to
a harmonic mean of the forward and backward differences of z;,;;;, so that the continuum limit of
equation (1.2) is

%:X% —I—Yg—ll_;:ZrF, (1.5)
which is an equation satisfied by the power function F(Z)= 7%, where Z=X+i YeC.
Equations (1.1) and (1.2) also appear as conditions for consistency of quadrilaterals on surfaces
and enable a definition of discrete conformality [8,10]. It was shown in [11] that the special cases
Zn0, Zn,1 are given, respectively, by the Gamma function and Gauss hypergeometric functions.
By applying the Backlund transformations, Ando et al. [12] and Hay et al. [13] found explicit
formulae for the discrete power function in terms of the hypergeometric v functions of Pyy as
stated in theorem 1.1.

Theorem 1.1 [12,13]. Define the function t,(a,b,c;t)(c ¢ Z,v € Z4) by

det(@(ﬂ +i— 1/ b +] -1, G x))lfi,jfu (V > 0)/

n(a,b,cx)= 1.6
( ) (v=0), (1.6)
where
N~ T@r® )
(/)({Z, b/ c, x) — COWF(IZ/ b/ c; X)
ot DPCO—ctDpcr i1 cr12-cn. (17

re-c

Here, F(a, b, c; x) is the Gauss hypergeometric function, I'(x) is the Gamma function, and Co and Cq are
arbitrary constants. Then, for (n,m) € Zi, Zn,m satisfying equations (1.1) and (1.2) with

a =0, ay+ay+as=0 (1.8)
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and the initial condition
20,0 = 0, 210 = Co and Z201 = Clxr, (1.9)

where r =ag + ap + ay is given as follows.

(1) Case where n <m.

V_nN(r—i- N1 (=N, —r—=N+1,—-r;x)

C , s ever,
N G N N+ L, —r =N 12, —r 2,0 T miseven w10
Znm = .
' , D M41,—r—M+1,-r; .
Cix =" 4D + ! + ri%) n-+misodd.

(= +Dp1 (M +2,—r =M +2,—r+2;x)’

(2) Case where n > m.

C N(r+ DNt (=N +2,—r—=N+1,—r+2;x)

N G DN tcN+ L, —r—N+2,—rq 2y T MEeven )
Znm = .
’ Dm— -M+2,—r—-—M+1,— 1; .

r+ Dy—1 m( + r + r+1;x) ——

S Dt M+ 1, —r—M+2,—r+ Lx)

Here, N = (n+m)/2, M= (n+m+1)/2 and (u); =u(u +1)- - - (u +j — 1) is the Pochhammer symbol.

We remark that, in the case of generic values of parameters a;, the explicit expressions of zy,
in terms of r-variables are given in [13]. This result was obtained by a heuristic approach and
verified by the bilinear formulation of r-variables. However, the appearance of the odd—even
structure in the explicit formulae has not yet been fully understood. In §§4 and 5, we will see
that this odd—even structure can be explained by the notion of projective reduction and the Weyl
group symmetry on t-variables.

In this paper, we characterize equations (1.1) and (1.2) in relation to the Backlund
transformations of Py; completely, and clarify the odd-even structure appearing in equations
(1.10) and (1.11). The starting point is the appearance of the cross-ratio equation in a cubic lattice,
as described in the ABS theory [14-18]. We show how the cubic lattice is embedded in the lattice
on which r-variables of Py are assigned. Four copies of the weight lattice of D4 will be needed
to describe the lattice of t-variables (see §3).

In this paper, we refer to several lattices associated with affine reflection groups. A detailed
description of (and notations for) these lattices is provided in the following section.

(a) Background and notation

For completeness, we explain the notation used to describe reflection groups, Coxeter groups and
associated lattices in this paper. The notation is illustrated here for reflection groups arising from
symmetries of cubes, but it applies to reflection groups of any dimension and type.

A cube is left unchanged by certain reflections across hyperplanes. All such reflections can be
expressed in terms of basic operations on vectors, which form a group, denoted by Bz [19]. In
higher dimensions, we would have the reflection group B, n > 1, where the subscript refers to
an integer number of dimensions. The group is generated by simple reflections, which we denote
sj,j=1,...,n. The simple roots associated with these reflections are denoted «j,j =1, ..., n, while
corresponding co-roots are denoted o’ .

Repeated translation of a fundamental cube leads to a space-filling cubic lattice, on which
equations (1.1) and (1.2) are iterated. Reflections across hyperplanes in the cubic lattice form an
affine reflection group, which is denoted by qul). We will refer also to the root lattice denoted

by Q(qul))z ;LOZaj. When interpreted as a Coxeter group, the reflection group is denoted
by W(B).

In a Dynkin diagram, the simple reflections s; are represented by nodes. Obviously, such a
diagram remains unchanged when the nodes are permuted. Such an operation is called a diagram
automorphism. Let §2 be the group of such automorphisms. Incorporating these automorphisms
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into the space of allowable operations, we get a lift of the Coxeter group W(qul)) to an extended
Coxeter group denoted W(B,(})) = W(B,(11)) x §2 [20].

The classification of finite reflection groups leads to several fundamental types. We will
encounter A,, B, and D, in this paper, along with their corresponding lattices, affine Coxeter
groups and extended Coxeter groups. Where direct sums of the same type of groups occur,
we use an integer coefficient as an abbreviation, e.g. A1 ® A; @ A1 & A; =:4A;. For conciseness,
we replace @ by +, e.g. Dy @ A1 ® A1 =Dy + 2A;.

(b) Main result and plan of the paper

The main contribution of this paper, given in theorem 4.1, is to clarify the relation of the discrete
power function to Backlund transformations of the Py; by including the system of defining
difference equations into a lattice with W(SA(ll)) symmetry. In general, a cubic lattice has W(B(31)) as

a symmetry group, but we chose to consider the symmetry group as W(3A§1)) by taking different

selections of reflection hyperplanes. This idea allows us to realize W(3A(11)) as a subgroup of

W(Dfll)), which is the symmetry group of Pyj. To achieve this realization, we use the combination
of the cross-ratio equation together with its similarity relation, which is associated with the
symmetry of the cubic lattice.

The plan of this paper is as follows. In §2, we introduce a multi-dimensionally consistent cubic
lattice with the symmetry W(3A(11)) on which the cross-ratio equation is naturally defined. In §3,
we give actions of W(Dg)) on the parameters and the r-variables. Based on this material, we
construct a realization of W(3A(11)) in W(Dfll)) and derive equations (1.1) and (1.2) in §4. We then

explain in §5 the odd-even structures appearing in the explicit formula in [12,13]. Concluding
remarks will be given in §6.

2. Cubic lattice

In this section, we describe a multi-dimensionally consistent cubic lattice in terms of a symmetry
structure, which will turn out to be related to the symmetry group of Pyj.

While each cube inside the lattice is composed of six component faces, we will regard these
as composed of two triple faces, i.e. a pair of three faces around a common vertex. We will see in
§4 how this perspective is embedded in the symmetry group lattice of Py1. The symmetry group
W(3A§1)) is suggested by the similarity equation

)(le+1,lz - le,lz)(zll,lz - lefl,lz) + (lz _ yl)(zll,lz+1 - le,lz)(zll,l2 - le,lzfl) ) (

Sz, =0 —p1
Zh+1lL — ZLh-1, ZI,b+1 — 21,5 -1

2.1)

Here,

Br=a, yi=a+a+ays and go=ap+ay+ag (2.2)

Indeed, the similarity equation has three parameters, 81, y1 and ¢p, and two directions, p; and p2,
defined by zj, |, = o111 pol2 (z0,0), which shift the parameters as follows:

p1: (B, v, 80— (B1—1,v1,80) and  p2:(B1,v1,0) = (B, 1 — 1, 0)- (2.3)

It is, therefore, natural to expect that there exists a Backlund transformation of the similarity
equation, which shifts the parameters as follows:

p0: (B, v1,%0) = (B, 1,80 + 1). (2.4)
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Figure 1. The multi-dimensionally consistent cubic lattice. The face equations of bottom and top are given by Q1 and those of
sides are given by H1.

This implies that the three directions pg, p1, p2 are translations in W(3A(11)) and {1, 1, ¢o} are the
parameters associated with the simple roots (or co-roots) of type 3A(11). Consequently, we take the
symmetry group of the cubic lattice to be W(3A§1)).

Consider the cubic lattice constructed by the directions p;, i =0,1,2. We place the following
equations on each respective face of a triple of faces associated with each cube (referred to as the
face equations):

)
(1 g + UL 4+1,1,00) UL +1 b+ 1 0 + U L+10y) K

=— (2.5a)
(”l1+1,lz,ln + ul1+1,72+1,ln)(ull,lz+1,[n + ullflzflo) Kl(z) ’
2
1 1 OE)
(7 + ) (U111 0o 41+ U1, Iy Jo 1) = =K, hey (2.5b)
UL +1,0,1 UL I I
1 1 2) (3
and (7 + ) (W1 Jy1, 1041 F Ul o Jo41) = _"1(2 )Kl(o ), (2.5¢)
U L+1 Uiyl Ly
where { PPy L t d
ok Ky Ky, Yim1,2,3 are parameters an
—_ b bl 2.6
up 1o Jo = P12 00 (10,0,0)- (2.6)

It is well known that this system of equations is multi-dimensionally consistent in the cubic lattice.
Indeed, equation (2.51) and equations (2.5b) and (2.5¢) are called Q1 and H1, respectively, in the
Adler-Bobenko-Suris (ABS) list (figure 1) [14-18].

Using the geometric theory of Py, we can realize the action of W(3A§1)) associated with these
equations (see §4).

3. Actions of affine Weyl group W(Dg))

In this section, we provide the basic ingredients needed to describe actions of the symmetry
group of Pyy, i.e. W(DS)). The explicit formulation of the t function of Py in terms of the weight
lattice is provided here; to our knowledge, such an explicit formulation has not appeared in the
literature. More precisely, four copies of the weight lattice of D4 will be needed to define the
lattice of r-variables. We will consider a root system of type D4 + 2A; instead of Dy to give a full
description.

2US0L102 €L ¥ 205§ 2014 BioBuiysijgndiraposieforredsy
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(a) Linear action

In this subsection, we define the transformation group W(Dg)) and describe its linear actions on
the weight lattice.
We consider the following Z-modules:

QY= Zozg —+ Zalv + Zaﬁ/ + Zozg/ + Zaz + Zag/ + Zoz6v (3.1)
and

P =7Zhy + Zhy + Zhy + Zhs + Zhy + Zhs + Zhg, (3.2)

with the bilinear form (-,-) : Q¥ x P — Z defined by

(o) ) = 0<i,j<6. (3.3)

lj/
The weight lattice of type Dfll) is spanned by h;, i =1, 3,4 and hy — ho. The generators {ag o)}
and {a5 , } are identified with the co-root of type D( ) and type 241, respectively. Let us define
the roots of type Dfll) +2A1: {ap, . . ., a6}, which satisfy

Ajj, 0<ij<4
<al\/’ O(]) = 2/ (l/ ]) = (5/ 5)/ (6/ 6) (34)
0, otherwise,
by the following:

oo ho

o h

ar [ =iz |2 |, as=2hs, a6 =2he. (3.5)

a3 h3

oy In

Here, (Aij);%jzo is the generalized Cartan matrix of type pM

(A,-j)?‘,jzoz -1 -1 2 -1 -1]. (3.6)

We note that
ag + a1 + 200 + a3 +ag =0. (3.7)
We define the transformations s;, i =0, ..., 4, which are reflections for the roots {«y, . .., a4}, by
siA)=Ar —( ot,,k)a,, i=0,...,4, reP, (3.8)
which give

sithi—>hy —h;, i=0,1,3,4, sy:hyr>hy+hy —hy +h3 + hy. (3.9)

2US0L102 €L ¥ 205§ 2014 BioBuiysijgndiraposieforredsy



Downloaded from https:.//royal societypublishing.org/ on 03 March 2022

0,
e
@\ 3)
o, [ /2
U 4)

Note that the /;’s which are not explicitly shown in equation (3.9) remain unchanged. Also, define

Figure 2. Dynkin diagram of type Dg).

the transformations oy, i = 1, 2, 3, which are the automorphisms of the Dynkin diagram of type Dfll)
(figure 2) and the reflections for the simple roots a5 and ag, by

o1 ho, h1,hy, h3, hy . h1 + hs, ho + hs, ho + 2hs, hy + hs, h3 + hs / (3.100)
hs, he —hs, he
oy ho, h1,h, h3, hy . h3 + he, hg + he, ho + 2he, ho + he, Iy + he (3.100)
hs, he hs, —he
and 03 = 01072. (3.10C)

From definitions (3.3), (3.5), (3.8) and (3.10), we can compute actions on the simple roots «;,
i=0,...,6,

sit (o, a0) > (—aj, a0 + ), i=0,1,3,4, (3.11a)
s2: (o, 1, 002, 3, 04) > (ot + g, 01 + 0, —a, 03 + g, 04 + ), (3.11b)
o1 : (o, 01, 03, 04, a5) > (01, @, 014, 03, —0'5), (3.11c)
021 (g, a1, @03, 0g, ) > (@03, 0ta, 0, 001, — ) (3.11d)
and 03 : (ap, 001, a3, 0, 05, ag) > (04, a3, 21, €y, —A5, —Ag). (3.11¢)

Under the linear actions on the weight lattice (3.8) and (3.10), W(Dfll)) ={(sg,...,54,01,02) forms
an extended affine Weyl group of type Dfll). Indeed, the following fundamental relations hold:

sis)"i=1, 0<ij<4, of=1 i=12 (3.124)
and
018(0,1,2,3,4) = S{1,0243)01, 02501234} =S5(342,01}02, 0102 =0201, (3.12b)
where
1, i=j
myj=13, i=2,j#2 or i#2 j=2 (3.13)

2, otherwise.

Remark 3.1. We can also define the action of W(fo)) on the co-root lattice Q¥ by replacing «;

with @ in the actions (3.11). Then, the transformations in W(Dfll)) preserve the form (-, -), that is,
the following holds:

for arbitrary w € W(fo)), yeQvVand A €P.

2UE0L102 €L ¥ 205 4 2014 BioBuiysiqndiraposiefor-edsy H
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(b) Action on T-variables
It is well known that we can extend the linear action of W(Dfll)) to the action of the t function of
the Painlevé VI equation [2,3]. In this section, we define the ¢ function on the weight lattice and
give the action of W(Df)) on it.
Let My, k=0,...,4, be the orbits of h;, i =0, ..., 4, defined by
My = {w(y) |we WOM), k=0,...,4 (3.15)
and M be their disjoint union defined by

M = U}_ M. (3.16)

Each of My is decomposed to the orbit of W(Dfll)) by

My = M0 U MO0 UM G MO, (317)
where
MP = e My | (@, 0 =i, (@, 2) =]}, k=0,1,3,4 (3.18)
and
MD = (3 e My | (@Y, 2) =20, (o, 3) =2j). (3.19)

For fixed k€{0,1,2,3,4}, M](:j) are transformed to each other by the action of Dynkin

automorphisms o;, i=1,2,3. For example, the weight /g lies in ME)OO) and the orbit of /iy under
o1 and o7 can be calculated by equations (3.3) and (3.10), which give

o1(ho)=h1 +h5 € M{'” and  o(g) =h3 + hg € MYV, (3.20)

Remark 3.2.

(i) Given any w e W(Dfll)), the element w(hy), k=0,1,3,4, can be expressed as Z?:o nih; +
Ihs + mhg, where n; € Z, I, m € {0, 1}. By computing bilinear forms with oz5v and 016v , We see
that w(ky) lies in M.

(ii) From the relations (3.12b), we can express any element of W(fo)) as one of
w1, 01W2, O0W3, 0102W4,

where w; € W(Dil)), i=1,...,4. Note that theactionof w;,i=1,...,4,0on Z?:o n;h; + lhs +
mhg does not change ! and m but o;, i =1, 2, does change them.

(iii) Based on these observations in (i) and (ii), it follows that if w(ly) eM,((lm), where k=
0,1,3,4and w e W(Dfll)), the superscript “(Im)” of M](([m) is determined by the number of
iterations of o1 and o7 occurring in w as

0 (if number of o7 is even), 0 (if number of o is even),
= and m= (3.21)
1 (if number of o1 is odd) 1 (if number of o7 is odd).

This is easily verified from the actions of o;, i =1, 2, on I given in (3.10).

2US0L102 €L ¥ 205§ 2014 BioBuiysijgndiraposieforredsy
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(iv) It follows that for any element w(hy) = Z?:o nih; + lhs + mhg, where k=0,1,3,4 and w €
W(Dgl)), I'and m are uniquely determined from n;, i =0, ..., 4. For example, suppose that

we W(Dfll)) is decomposed as o1w;, where w1 € W(Df)). Then we have from (3.10) that

w1 (ho) = nphg + nohy + nohy + nghs + nzhg + (ng + n1 + 21 + n3 + ng — Dhs + mhg.
(3.22)

Since w1 (o) should not include k5 and /g as seen in equation (3.9), we have I =ng + 11 +
21y + ng +ng and m=0.

Lemma 3.3. The following properties hold.

(i) Lattices My are mutually disjoint.
(ii) Each of My, k=0,1,3,4, is isomorphic to the weight lattice of type fo).

Proof. First we prove the property (i). Define
8V =ay +oi +20) + oy +ay, (3.23)

which is invariant under the action of W(Dfll)). From remark 3.1, it is obvious that Mj is disjoint
from the others, since (§¥,1) =2 for any A € Mp and (§¥,1) =1 for any 2 € My, k=0,1,3,4. Let
us consider the 16 lattices M]((l] ), k=0,1,3,4. It is easy to see that these are mutually disjoint if

the superscripts (ij) are different from each other. Then it is sufficient to show that M;{OO), k=
0,1,3,4, are mutually disjoint. We prove it by contradiction. Suppose that there exists an element

)

of MBOO) N MgOO). Since we are now restricting our attention to M}((00 , we use only the actions of

W(Df)). Then, there exists an element w € W(Dfll)) such that hy = w(hg), which is the reflection
with respect to the root vector /1y — liy. Therefore, it contradicts the assumption.
Next, we show the property (ii). We prove it for My, by constructing a map defined by

4

p: Mo EP Ziy, (3.24)
k=0

where every element of My is given by Z?:O nih; + lhs + mhg, with the proviso that [ and m are
determined by {#;}, as mentioned in remark 3.2. We define the image of such an element under
p as Z?:o n;h;. It follows from this construction that p is injective, because two elements in the
domain of p with the same image must therefore be identical. Since p is injective and (5¥,p(A)) =1
for 1 € My, lattice My is isomorphic to the weight lattice of type D4. Note that we have

00 10 01 11
pMo) = pMY)y U p{?) U pMI)y U (V)
= MmOy MOy MO U M, (3.25)

In a similar manner, we can prove the property (ii) for My, k=1,3,4. Therefore, we have
completed the proof. [ ]

We now consider the t-variables assigned on the lattice M, and the action of W(Dil)) on them.
As we will show in §4, the dependent variable of the system of partial difference equations (1.1)
and (1.2) is defined by a ratio of r-variables, and the system is derived from the action of the Weyl
group on the r-variables.

First, let {ri}?zo, rz(gl), rZ(UZ), t2(03), réSZ) be the variables and a;, i=0,...,4, x be the complex
parameters satisfying the following conditions:

X + 12 (x — 1)1/21'2(01) = —ixl/zrz(@) =1 —i(x — 1)1/2r2(03) (3.26)

and
ag+ay+2ay+az3+ag=1. (3.27)

2US0L102 €L ¥ 205§ 2014 BioBuiysijgndiraposieforredsy
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Therefore, the number of essential variables and parameters are 7 and 5, respectively. We now
proceed to give the actions of W(fo)) on these t-variables, which were deduced in [2,3],

(01) 2.2 _(01)_(s2) -2
. 2 212 (s2) u=v 12 ‘52 — apgu ~T10134
So - ToF> UV ——, T, = 5 ,
70 70

(s2)
. 2 (52) o
S1iTie —, T, ==

4t ‘E12
(0'1) (2 4. -2
+axu v 710134
T > r(Sz) t2(52) (01) ,
5]
2 o)) )6
(o) lok S —
NN Y1, +iagu 10134 NN V1, +iayu v 210134
o ! o !
p (03) _(s2) -
. 21'2( 3) (s2) —1112'1,’2 3 T2 2 azu 2‘[0134
831 T3> —ivT——, T, > 5 ,
73 3 (3.28)
(o) (% S —
' 2,L,z( 2) ) —1u2r2( 2) (2 — agu 2113
S4 I T4 > —1U"—— T, = > ’

T4 T4

T0 > Uvt), T1H> u_lv_lro, 3 > u_lvr4, T4 > uv_lrg,,

o1y ‘[2(01), téal) = 1, (02) > ‘L’z ), ‘L’z (02)

s (el

o e Ty, e AyTly, s e Ay, e eV Ay,
0y {1~ 1:2(02), 1'2(01) [ —12((73), 12((72) = —1, 1'2(03) [ 12(01),
rZ(SZ) [ sz(rz(GZ)),
where
u=x"4 = (x — 1)1/4, 70134 = T0T1 T3 T4.- (3.29)
Here, we define the action on the parametersa;, i =0,...,4, by
si(aj) =a; — Aja;, 0=<i,j<4 (3.30a)
and
01840,12,3,4) = A(1,02,43) and 02a(012,3,4) =2(3,42,0,1), (3.300)

where Aj; is given in (3.6). Note that each parameter 4; is associated with the root o, i =0, ...,4,
and the condition (3.27) corresponds to (3.7).

The fundamental relations (3.12) also hold under the actions s;, i =0, ..., 4, on the r-variables
and the parameters. Note that the extended parts o;, i = 1,2, are modified to become

5 (10,71, 72,73, T4 —irg,ity, —1p, —it3,i74 (3:310)

0", = , ola
Tz(”l)/ 12(62), Tz(ﬂs), 12(52) —tz(dl), _T2(f72), _Tz(ﬂs)l —12(52)

0159. (1’2, 12(01), 1'2(02), 12(03), 1:2(52)> =5907. ( ), —r(gl) (UZ), —1:2(03), —1:2(52)) (3.31b)

d 10,71, 72,73, 74 —ir,it1, =72, —iT3, 174 331
an N2 o o) o) ) | TN o) o) o) ) | (3:31¢)
2 2 2 772 2 72 02 2
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Remark 3.4. The correspondence between the notations in this paper and those in [2,3] is
given by

ap,a1,Aaz,Aa3,a4,X ap,o1,00,03,04,t
50,51,52,53,54,01,02,03 N 50,51,52,53,54,55,56,57 (332)
70,71, 72,73, T4 70, T1,72,73, T4
S
o™, 0%, %, ) s5(12), 56(72), 57(12), 52(72)
We then define a mapping t on M by
] hy) =17 ) = 7§ I
th) =1, tloph)=1,", t(ah)=1", t(wh)=w(y), (3.33)

wherei=0,...,4,j=1,2,3andwe W(Dfll))'

4. Geometric description of discrete power function

In this section, we provide our main result, which is based on the action of W(Dfll)) constructed in
the previous sections.

Theorem 4.1.

L. There exist elements p; € W(Dg)), i=0,1,2, which satisfy the following properties.

(i) (Projective reduction) For each i=0,1,2, the element pi2 is a translation of W(Dfll)), while
pj itself is not a translation.
(ii) (Commutativity) p;p; = pjp;, for i,j=0,1,2.
(iii) (Bilinear forms) There exists a subspace ZB1 & Zy1 ® Z¢1, of the parameter space Zay &
Zay ® Zaz & Zay, on which the actions become translations. That is, the projections of p;,
i=0,1,2, on the subspace satisfy the following properties:

Bilyy=(le) =@l =0 and (B1lp1)=(nln)=(a1lc) =2,  (41)
where the bilinear form (|) on the parameter space is defined by
(@ilaj) = (&, j) = Ayj. 4.2)
(iv) (Shift actions) Each p;, i=0, 1,2, shifts one of {1, y1, {1} but not the others, i.e.

p1(P1) — Pr€Zxo, p1:(r1,81) > (v1,81), (4.3a)
02(V1) =1 €Z2o, p2:(B1,51) = (B1,¢1) (4.3b)
and po(¢1) = ¢1 € Zzo,  po: (B, v1) = (B1, 71)- (4.3¢)
1. Define zy, 1, by
2,1, = (=112 011 02 (z0), (4.4)
where )
2= 2T, @5)
0

Then zj, ;, satisfies the cross-ratio equation

@y = 2041b)En b 41 = Zhb1) _ 1 46)

@141 = Zh41,b+1) @l b1 — 21,) X

and similarity equation (2.1).
Remark 4.2.

(a) We note that the Z-module spanned by the parameters a;, i =0, ...,4, gives a co-root- or
root-lattice of type Dil) denoted by Q(Dfll)), with the pairing (|).
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(b) The properties (iii) and (iv) are natural requirements since (iii) is the property that 1, y1,
¢1 form simple roots of type 3A(11)
translations in W(3A§1)).

(c) The choice of zyp was motivated by the observation that the solution of the cross-ratio
equation is given by a ratio of two t functions, where one of the r functions lies in a
direction orthogonal to the plane in which the equation is iterated [13]. This observation
also shows that the variable must be defined in terms of a square of pg. The remaining

and (iv) comes from the idea that p; are the fundamental

directions p and p; act as the two shift directions.

(d) By choosing r-variables appropriately as in [12], we can reproduce the initial values (1.3)
of the discrete power function solution of (1.1) and (1.2). In particular, note that the choice
790 =1 (up to gauge) and p0%(z0) = 0 leads to the value zg = 0.

(e) The property (i) is called a projective reduction, in the sense that we took p;, which were
not translations in W(Dil)), and considered them in a subgroup in which they became
translations. Many discrete integrable systems can be derived by using such a procedure
[21-24].

Proof. We begin with the construction of the subspace of parameters needed in item (iii). Choose
B1=ax. 4.7)

The parameters y; and ¢; can be chosen from
a1 +ay+ag, a1 +ar)+az and ap +az+ay (4.8)

to satisfy the conditions in item (iii). For example, take y; =a1 + a3 + a4. Then (B1]y1) =0 and the
other required conditions follow from equations (3.6) and (4.2). There is one remaining choice,
which we label as j11. To be specific, from now on, we define

yi=a1+ay+ay, {=ar+ay+az and puy=a+a3+ay (4.9)

and also define an additional set of four parameters

Bo=1-=B1, vw=1-y, t=1-¢ and po=1-p1, (4.10)

which are needed as simple roots of 4A§1).

The Z-module spanned by the parameters 8;, y;, ¢i, ni, i=0,1, denoted by Q(4Agl)), gives a
co-root- or root-lattice of type 4A(1), with the pairing (| ). The transformation group for Q(4A§1))
forms an extended affine Weyl group of type 4A§1). (See appendix A for more detail.) Notice that
by relinquishing one pair of parameters, say u;, i =0, 1, we obtain Q(SA(ll)) from Q(4A(11)). We here
focus on the sublattice spanned by the parameters g;, y;, ¢;, denoted by Q(3A§1)). Nevertheless, we
continue to use the notations including u such that

7gu  (Bo, B, 1o, 1) = (B, Bo, i1, 140), (4.11a)
Ty (Yo, Y1, 140, 1) = (Y1, Y0, M1, o) (4.11b)
and 7o (80, 61, 10, 1) > (61, 80, 41, Ho), (4.11c)

for consistency with appendix A.
We next construct p; in W(?)Agl)) by using the elements of W(fo)). Recall that W(Dfll)) =

(S0, -..,54,01,02,03). The extended affine Weyl group W(3A§1)) corresponding to the parameters
chosen above is given by

- 1
W(3A§ )) = (SBy, SB1+Syor Sy1/St0r St TP Ty s T pa)s (4.12)
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where

Spy = 545351505254835150, Sp; =82, Sy, = 5083525083, Sy, = 5154525154, (4.13a)
Sgg = 02515352515302,  S¢ =S1535251S3, TR = 0154535150, Tyu =03 (4.135)
and T = 09. (4.13¢c)

The action of W(3A§1)) on the parameters g, y;, ¢, i, i =0, 1, is given by

spo : (Bo, B1) = (—Bo, B1 +2B0),  sp, : (Bo, B1) = (Bo + 281, —B1), (4.14a)
Sy - (Y0, 1) = (=v0, v1 +20), Syt (Vo v1) = (o + 2v1, —01), (4.14b)
Sz (0, ¢1) = (=20, 81 +280), 8y = (S0, 81) > (G0 + 281, —¢1) (4.14c)

and (4.11). We are now in a position to define p; by using the translations in W(3A(11)),
P1 =SBy Bus P2=SyTTyu and PO =S¢o ¢ s (4.15)

whose actions on the parameters 8;, y;, ¢;, i, i =0,1, are given by

p1:(Bo, B1, 1o, 1) = (Bo + 1, b1 — 1, w1, o), (4.16a)
p2: (Yo, v, o, 1) = (Vo + 1,1 — 1, a1, o) (4.16D)
and po : (%o, &1, o, 1) = (G0 + 1,81 — 1, pa, o). (4.16c¢)

We can easily verify that the transformations p;, i =0, 1, 2, satisfy the properties (i), (ii) and (iv).
For the second part of the theorem, note that, with zp as defined in (4.5), the remaining
directions p1 and py act as the two shift directions. Now we introduce

71 =p1(z0), z2=p2(z0) and z12 = p102(20)- (4.17)
We can verify that these variables z, z1, z> and z1; are related by
(z0 +21)(z12 +22) _
(21 + z12)(22 + 20)

by using the framework constructed, namely (3.28), (4.13), (4.15), (4.5) and (4.17). For example,
to express z1 in terms of r-variables, we need the composition of p; with pg. The starting point
is (4.15), which in turn are given by (4.13), and the actions on t functions (3.28). In this way,
we deduce

1
— 4.1
- (418)

q 17173 X—q 7173
={0—5—, ={0——— 4.19
nFA=bgp oy = A1 = g) 1o (4.19a)
and
(x—q)g uw 7173
zZ1+z12= fomi =, nmtz=¢xP—, (4.19b)
x/2(1—q) ot 7074

where g = —ix1/2 12(”2) /72. Then we immediately obtain equation (4.18) from equations (4.19).
Furthermore, from the actions of the inverses of p; and p», we find
(z1 + 20)(z0 + p1 7 (20)) (z2 + 20)(z0 + p2 " (20))

Sozo=—p1 -7 . 4.20
z1 + o1~ H(z0) Y 22 + p2 " Nz0) (4.20)

Using equations (4.18) and (4.20), respectively, we then obtain the cross-ratio equation (4.6) and
similarity equation (2.1) by defining the dependent variable by (4.4). |

Remark 4.3. In the proof of part II of the theorem, we used the action of W(fo)) on 7 functions.
However, an alternative approach is available by starting with the definitions of the variables
20, 21, 22, Z12, i.e. (4.5) and (4.17). For this purpose, action (3.28) is interpreted in terms of the
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variables zg, z1, 22, z12. The resulting expressions are very large and to simplify these we can
instead introduce z1; by using (4.18), namely

 x22(20 + 21) — 21(22 + 20)

212 = 4.21
x(zo +z1) — (22 + z0) (4.21)
Complete details are provided in appendix B.
Remark 4.4. Let
gy 1= P12 00" (z0), 12, 1o € Z. 4.22)
From equation (4.18) and the following actions of p;, 1,2, 3:
1.1 ¢t +1)
<* + *) (po(z1) + po(20)) = ———— (4.23a)
Z1 20 X
and . .
(* + *) (po(z2) + po(z0)) = —Co(¢0 + 1), (4.23h)
Zn 20
we obtain
(W1 1o Jo F W1 41,0000) Ul 41,1411+ UL L41,0) _ 1 (4.240)
(U411 0 F U +1 4100 Ul b+ 1)y + UL b ) X
1 1 (Go+ 1) +1o+1)
—+ (U 1,0 o1 T Yy Iy Jg1) = — 4.24b
(u11+1,12,10 ”ll,lz,lo> 1+LbL,lo+ 142,00+ X ( )
1 1
and —— + (U1 411 + Wy o +1) = — (%o + 10)(Go + 1o + 1). (4.24c)
Ul Lh+1,1 Ul bl

These equations are equivalent to the lattice equations of ABS type discussed in §2. Indeed,
equations (4.24) can be obtained from equations (2.5) by the following specialization of
parameters:

O —(o+D+1+1), (4.25)

1
/cl(l):f, Kl(z)=1 and «
X

where [ € Z.

5. Description by weight lattice

In this section, we relate our results to those obtained from a different perspective, namely the
determinantal structure of hypergeometric solutions. We show that our z-variable (4.4) is identical
to that found in [12,13].

To make this correspondence, we consider the actions of p;, i =0, 1,2, on the sublattice of the
weight lattice. We here refer to a vector (w — id).x forw € W(Dil)), x € My, as a displacement vector
corresponding to w. Since the dependent variable of the discrete power function in terms of the ¢
function is given by
)

o1 p2"2(0)
and p;, 1=0,1, 2, satisfy the properties (i) and (ii) in §4, we here consider the displacement vectors
of p1 and py on the following sublattice of My (3.15):

21, = (~1)0HR (5.1)

L=LOur® @02, (5.2)
where
LO = {01 0?2 (ho) | I, 1o € Z) = ho + Zvy + Zvg, (5.34)
LY = (012 0?2 (hg) | 11, 1o € Z} = —hy + hy + hs + Zvy + Zug, (5.3b)
L@ = {011 p?2 X (o) | 1, I € Z} = hy + hs + he + Zv1 + Zv, (5.30)

and L2 = (o121 p, 22t (o) | 1, Ip € Z) = hy — ha + hg + Zvq + Zvs. (5.3d)
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o m L2 e L e R R A e I ST A
§ ¢ o 5L +
4t hsthg hy—hy+hg hy+hs+hg+v,
L o
P
(0) P 1)
' hy hy+ iyt g e 4 V) e
Sl I

Figure 3. The actions of p; and o, on the lattice L. The sublattices are distinguished by producing them in different colours,
thatis, L9, L0, 1@ and L are coloured in black, red, blue and green, respectively. (Online version in colour.)

Here, v;,i=0, 1,2, are the displacement vectors on My given by
vo=—ho+h +hs—hy, vi=-—hy—hy+2hy—h3—hy and vp=-—hg+h —hs+hy, (5.4)

which correspond to pi2,i=0,1,2, respectively. As illustrated in figure 3, the transformations p;
and py correspond to the vectors on L as the following:

~hg —hy +hy +hs, onLO L2,

p1 < (5.5)
hy —h3 —hy — hs, on LOLL®
and
—ho+hy+hs +hg, on L(O),
hy — h3 — hs + hg, onL(l),
P2 < @ (5.6)
hl—h3—h5—h6, on L¥,
—ho + hy + hs — hg, on L2,
Let us define the following translations in W(fo)) by
Ti3 = 5155054505103,  Tag = 54505153525403, T34 = 5352501525301 (5.7a)
and
T14 = 515452505352072. (5.75)
Using these translations, the actions of 002, p1 and pp on L are expressed by
2 _ A-14-14-2
0" =T13Tay Tass (5.8a)

T T, onLOyL02,
PL=1. (5.80)
T35 Ty, onL®uL®

TA"4_01, onLO L(lz),
and m=1 . (5.8¢)
Ty, onL®OuL®.

Therefore, the dependent variable of the discrete power function can be expressed by

(_1)11 —1 T=(h+h)/2-1,—(h+k)/2-1,-2,];

T—(h+h)/2,~(lh+1)/2,0,x
(_1)11 1 r—(11+lz+1)/2,—(11 +lz+1)/2—1,—2,11
’

T—(h+h—-1)/2,—(h+k+1)/20,h

, if 1 + [ is even,
(5.9)

2, =

if [ + 1> is odd,
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where

T = 113 Ta0' T3 T1a" (5.10)

This expression is equivalent to that in [12,13]. Note that the difference of the coefficients between
(5.1) and (5.9) arises from equations (3.31).

6. Concluding remarks

In this paper, we have investigated the geometric structure of the system of partial difference
equations (1.1) and (1.2). The cross-ratio equation (1.1) is naturally defined on a multi-
dimensionally consistent cubic lattice as a face equation from the ABS theory. On the other hand,
we have shown in this paper that its similarity constraint (1.2) is derived from the symmetries of
the lattice.

However, it was known that the system (1.1) and (1.2) could be derived from the Backlund
transformations of Pyy, which form W(fo)). The question of how to relate the symmetry group
W(Dil)) to the symmetry group of the lattice remained open in the literature. We have answered
this question in this paper by constructing the action of W(BA(ll)) as a subgroup of W(Dfll)).
Moreover, considering the realization on the level of the v function simultaneously, we gave
the geometric characterizations of the discrete power function. In particular, we explained
the odd—even structure appearing in the explicit formula in [12,13] in terms of the projective
reduction.

It is interesting to relate the geometric structures reported in this paper to other properties of
(1.1) and (1.2) reported in the literature. For example, the discrete part of the Lax pair given in
[25] can be obtained from translations on the W(SA(ll)). However, the remaining part of the Lax
pair involves a monodromy variable, which is not visible from the point of view of the Painlevé
VI equation itself. We believe that this is related to the choice of gauge we took in defining the t
functions. This is an open subject for further investigation.

Not many examples of discrete complex analytic functions are known. In [26], one was
constructed on the hexagonal lattice. Further interesting directions concern the remaining
Painlevé and discrete Painlevé equations. We expect our analysis to be useful for such equations,
not only of second order, to give geometric characterization of known examples or to identify new
examples. Our results in these directions will be reported in forthcoming publications.
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Appendix A. Extended affine Weyl group I/I~/(4A§1))

In this section, we consider an affine Weyl group for Q(4A(11)) spanned by the parameters 8;, y;, ¢;,
wi, i=0,1.

Let
SBy = S458351505254535150, Sp; =52, Sy, =S5053525053, Sy; = 5154525154, (A la)
Sgy = 0251535515302,  Sg; = 5153525153, Sy = 5051525051, (A 1b)
Sy =5354525354, TRy = 0254535150, TTRr = 0354535150, TBu = 0154535150 (A 1C)

and Ty =01, Tyu =03, Ty =02, T1=5154, 12=5153, 13 =25354, (Ald)

2US0L102 €L ¥ 205§ 2014 BioBuiysijgndiraposieforredsy



Downloaded from https:.//royal societypublishing.org/ on 03 March 2022

whose actions on the parameters 8;, y;, ¢;, i, i =0,1, are given by

sgy * (Bo, B1) = (=PBo, B1 +2B0),  sp, = (Bo, B1) = (Bo + 2B1,—B1),
S = (o, )= (=0, 71 +2n), sy (o) = (o +2n,—n),
Sy + (G0, 81) > (%0, 61 +280), 55 = (S0, 61) = (S0 + 281, —81),
Suo * (10, 141) = (=po, 1 +240),  Spy (o, 1) = (o + 211, —11),
7y (Bo, P1, v0, v1) = (B, Bo, v, v0),  mee = (Bo, 1, S0, £1) = (B, Bo, &1, Lo),
g+ (Bo, B1, o, 1) = (B1, Bo, i1, 100),  7ye = (Yo, v1, 80, 81) = (Y1, %0, 81, 80),
Tyu = (Yo, Y1, 1o, 1) = (Y1, Y0, 11, 10), Tep = (S0, §1s 10, 1) = (81, S0, 141, 1),
12 (B vir Gir i) = Vi Bis i §i), - 12 2 (Bis Vio G 14i) > (i 44, Bis Vi)

and  r3:(Bj, Vi, Gi, i) = (i Siv Vi Bi),s

. . ) ),
where i =0, 1. They collectively form the extended affine Weyl group of type 4A4; "

5 1
W(4A§ )) = (SB0sSB1+ Syos Sy1/580s 815 Siaor Suas TRy s TUBL » TPy Ty s Wy pus W s 11,12, 13)
Indeed, W(4A(11)) satisfies the following fundamental relations:

Sﬁoz = 5/312 = SV02 = SV12 = S{oz :Sflz :Suoz :sz =1,
(5505 = (5305 = (52956,)™ = (Sposye)® =1,

58Sy =SyiSp, SISy =S¢5 SBiSu; = SwiSpr SyiSy; =SSy
SyiSuj = SuiSyjr - S6iSuj = SuiSg;s

”ﬂyz = 7’/3{2 = ”ﬁuZ = 77)/4“2 = ”wz = 774“#2 =1,

Ty =TByTpss Typ = TRy Tpus  Top =TRL TR,

By Tps =TpcT By, TPy TTpu =T puTthy, TRLTPu = TRultpLs
rn=rt=r’=1, n=rnn=nn,

By S{Bo.B1,v0.v1,Girtkid = S{B1Bo v, V0.tV TTBY /

TBES{Bo,B1,viko,k1,04i) = SUB1,Bo.vin1,60,40i TTBE 1

T BS{Bo,Br,Viskismo n} = S{Br.Bovisgiir o} TBus

T18{B1, i, 6i i) = SlyiBii,cid 11 T25U8i,vi,¢0,00) = S{&i, i Bi,vi} 12
PTBy BE.By vyt n) = By, vy Bu B L 1)1

and 1T By BE, By Cy g i} = T w, B,y By By T2

(A 2a)
(A 2b)
(A20)
(A2d)
(A 2e)
(A2f)
(A2g)
(A 2h)
(A 2i)

(A3)

(A 4a)
(A 4b)
(A 4c)
(A 4d)
(A 4e)
(A4)
(A4g)
(A 4h)
(A 4i)
(A4)
(A 4k)
(A 4])

(A 4m)

Here, the relation (ww')*> =1 for transformations w and w’ means that there is no positive integer
N such that (ww')N = 1. Note that, from the definitions (4.13) and (A 1), W3A") ¢ W(4A{") holds.

Appendix B. Birational actions of |/|~/(3A§1)) on the z-variables

The action of W(3A(11)) on the variables z(, z1, z2, z12, where z1, is related to other variables as

(4.21), is given by the following:

2B0z1212 — (Bo + Yo + S0 — mo)z0z1 + (Bo — Yo + Co + 10)Z0Z12
2B0z0 + (Bo — vo — ¢o + mo)z1 — (Bo + vo — o — H0)Z12

gy (20) =

(B1a)
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and

2B0z1212 + (Bo + vo + S0 — mo)z1z2 — (Bo — Yo + Co + 10)Z2212

o(22) = 2B0z2 — (Bo — vo — %o + mo)z1 + (Bo + vo0 — ¢o — Ho0)Z12

2022212 — (Bo — Y0 — o — 10)Zoz12 — (Bo + Yo + fo — 10)Z02Z2
2y02z0 — (Bo + vo — So — H0)z12 — (Bo — Yo + o — K0)Z2
2ypz2212 + (Bo — vo — o — io)z1z12 + (Bo + vo + o — 1o)z122
2ypz1 + (Bo + o — S0 — H0)z12 + (Bo — vo + o — Ko)z2

st 1 (z0,21,22,212) > (=20 L, —z1 7Y, —z Y, —zp ),

Syo(ZO) =

s)/o(zl) =

Sp1 =TBuSPTBur  Sy1 = TyuSyTyps  Stg = TepSeTe s

gt (20,21,22,212) > (21,20,212,22), Tyt (20,21,22,212) = (22,212, 20, 21),

(Bo —y1+ 0 — 11)z0 + (Bo + ¥1 — S0 — 11)z1
2(z0 + 2z2)(z1 + 212)

% (B1— 1 — %0 + no)z2 + (B1 + 1 — S0 + 1o)z12
2(zo + 2z2)(z1 + z12)

(B1+ 1 — S0 — mo)zo + (B1 — v1 + %o — 10)z1
2(z0 + 22)(z1 + 212)

— % (Bo+rvi—s0o+m)z2+Bo—yi—o+ Ml)lel
2(zo + 2z2)(z1 + z12)

(B1— 0 — o+ wm1)zo + (B1 + vo — S0 + 11)z1
2(zo + 2z2)(z1 + 212)

(Bo — vo + g0 — 10)z2 + (Bo + yo — &0 — o0)Z12
2(zo + 2z2)(z1 + z12)

(Bo + vo0 — o + 10)zo + (Bo — vo — &0 + ro)z1
2(zo + z2)(z1 + z12)

(B1+v0 — %0 — m1)z2 + (B1 — vo + &0 — n1)z12
2(z0 + z2)(z1 + 212) ’

7ep(zo) = —%o

7ep(z1) = —%o

7ep(z2) = —%o

— o

mr(z12) = =20

— %o

(B1b)
(B1c)

(B1d)

(Ble)
(B1f)
(B1g)

(B1h)

(B1i)

(B1)

(B 1K)

Under the actions on the parameters (4.11) and (4.13) and z-variables (B1), the following
fundamental relations hold:

and

)OO

sl =sy =557 =1, i=0,1, (sp5p,

2 2 2 y 2 2 2
(spisy)” = (psg)” =(ysg)” =1, 1,j=0,1, 7p" =myu” =mg” =1,

TBUS{Br,vestky = Skt TBus Ty uS{B, vt} = S{Brvesn &} Ty

T uSBviti) = SiBvtian) Tens kK€ Z[(2Z).
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